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Abstract
Some of the developments related to quantum anomalies and path
integrals during the past 10 years are briefly discussed. The covered sub-
jects include the issues related to the local counter term in the context
of 2-dimensional path integral bosonization and the treatment of chiral
anomaly and index theorem on the lattice. We also briefly comment on
a recent analysis of the connection between the two-dimensional chiral
anomalies and the four-dimensional black hole radiation.
1 Introduction
The modern quantum field theory formulated around 1947 by Tomonaga,
Schwinger and Feynman enormously widened the scope of quantum theory,
and layed the foundation for the entire later developments of theoretical par-
ticle physics. The subject of quantum anomalies appeared immediately after
the formulation of modern quantum field theory in 1949 [1], but it became a
major subject only after 1969 [2, 3].
In the present talk, I would like to discuss some of the developments in
the subject during the past 10 years, whcih I found interesting. I concentrate
on the path integral formulation of quantum anomalies [4]. I first discuss the
issue of local counter terms in defining quantum anomalies. In the conventional
definition of quantum anomalies, those extra terms which can be eliminated
by local counter terms are classified as the spurious anomalies and thus not
regarded as genuine anomalies. This definition needs to be modified when one
analyzes the path integral bosonization, and in fact, I show that the naive
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local counter terms in the context of gauge theory are not local in the context
of path integral bosonization. This bosonization is also relevant in connection
with the later discussion of black hole radiation and quantum anomalies.
I next comment on the chiral symmetry in lattice gauge theory by concen-
trating on the notion of the index on the lattice, which enables us to define the
chiral anomalies as the Jacobian in path integral formulation. Several salient
features of the lattice theory are also explained. These features may turn out
to be useful in the future analysis of gauge field theory in general.
I finally comment on a rather surprising relation between the chiral anomaly
in two-dimensions and the black hole radiation. Here the ultra-local nature of
the anomaly and the covariant form of chiral anomalies play a central role.
2 Local counter terms and path integral bosoniza-
tion
The path integral bosonization means, for example, the free Abelian nosoniza-
tion in two dimensions
eiW (vµ) =
∫
Dψ¯Dψ exp
[
i
∫
d2x
(
ψ¯iγµ∂µψ + vµψ¯γ
µψ
)]
=
∫
Dξ exp
[
i
∫
d2x
(
1
2
∂µξ∂µξ − vµ√
π
ǫµν∂νξ
)]
(2.1)
where ξ is a real scalar field [5, 6, 7]. Other examples of bosonization include
the correspondence between the massive Thirring model and the sine-Gordon
model [9], or the non-Abelian free fermion and the the non-linear σ model (the
WZW model) [10]. All these cases are treated by path integrals [1].
We start with a theory which contains U(1) gauge fields∫
Dψ¯Dψ exp
(
i
∫
d2xL
)
=
∫
Dψ¯Dψ
× exp
{
i
∫
d2x
[
ψ¯iγµ(∂µ − iVµ − iAµγ5)ψ
]}
. (2.2)
For the chiral transformation
ψ(x)→ ψ′(x) = eiα(x)γ5ψ(x), ψ¯(x)→ ψ¯′(x) = ψ¯(x)eiα(x)γ5 (2.3)
the Jacobian is given by the master formula of quantum anomaly with ǫ10 = 1
ln J5(α) =
i~
π
∫
d2xα(x)
(
∂µAµ +
1
2
ǫµνFµν
)
(2.4)
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where we added ~ to emphasize that this is the one-loop effect, and
Fµν ≡ ∂µVν − ∂νVµ. (2.5)
The anomaly evaluated above satisfies
1. Wess-Zumino integrability condition [8]
2. Fermion number (vector current) conservation
3. ǫµνψ¯γ
µψ = ψ¯γνγ5ψ
and thus suitable for bosonization.
If one follows the conventional wisdom, the first term in the above Jacobian,
∂µAµ, is eliminated by a local counter term
1
2
AµAµ (corresponding to the mass
term of the gauge field Aµ) and thus has no physical meaning. However, this
term does not diverge in two-dimensional theory and, in fact, it plays a central
role by giving the kinetic term for the boson field in bosonization.
2.1 Anomalies and bosonization
We start with
eiW (vµ) =
∫
Dψ¯Dψ exp
[
i
∫
d2x
(
ψ¯iγµ∂µψ + vµψ¯γ
µψ
)]
. (2.6)
In this setting any local counter term should be expressed as a local polynomial
in vµ. Now we observe that the vector field in two-dimensional space-time is
decomposed into two arbitrary real functions α and β as vµ(x) = ∂µα(x) +
ǫµν∂
νβ(x). We can then write
eiW (vµ) =
∫
Dψ¯Dψ exp
{
i
∫
d2x
[
ψ¯iγµ(∂µ − i∂µα− i∂µβγ5)ψ
]}
(2.7)
by noting ǫµνγ
µ = γνγ5.
We extract the functions α and β as integrated Jacobians associated with
the transformations of integration variables ψ and ψ¯. For infinitesimal trans-
formations
ψ′(x) = exp {i [δα(x) + δβ(x)γ5]}ψ(x),
ψ¯′(x) = ψ¯(x) exp {i [−δα(x) + δβ(x)γ5]} , (2.8)
we have the Jacobians ln J(δα) = 0, and
ln J(δβ) =
i
π
∫
d2x δβ(x)(∂µAµ + ǫ
µν∂µVν). (2.9)
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where Vµ = ∂µα and Aµ = ∂µβ. Using these Jacobians, the α and β depen-
dences in the action are extracted as
eiW (vµ) = exp[iΓ(vµ)]
∫
Dψ¯Dψ exp
[
i
∫
d2x (ψ¯iγµ∂µψ)
]
(2.10)
where Γ(vµ) stands for the integrated Jacobian (or anomaly), and it has the
form in Minkowski metric
iΓ(vµ) =
i
π
∫
d2x
∫ 1
0
ds β∂µ(1− s)∂µβ = i
π
∫
d2x
(
−1
2
∂µβ∂µβ
)
. (2.11)
We can also write
eiW (vµ) =
∫
Dξ exp
[
i
π
∫
d2x
(
1
2
∂µξ∂µξ
)]
exp[iΓ(vµ)] (2.12)
since the absolute normalization of path integral does not matter in the defi-
nition of W (vµ). We next shift the variable ξ → ξ + β, and the “translational
invariance” of the path integral measure D(ξ + β) = Dξ leads to
eiW (vµ) =
∫
Dξ exp
[
i
π
∫
d2x
(
1
2
∂µξ∂µξ + ∂
µβ∂µξ
)]
=
∫
Dξ exp
[
i
∫
d2x
(
1
2
∂µξ∂µξ − vµ√
π
ǫµν∂νξ
)]
. (2.13)
In deriving the last line, we used ∂µ∂µβ = ǫ
µν∂µvν .
From (2.6) and (2.13) one sees that the theory of a free Dirac fermion ψ and
the theory of a free real Bose field ξ define the identical generating functional
W (vµ) of Green’s functions. For example,
〈T ∗ψ¯(x)γµψ(x)ψ¯(y)γνψ(y)〉 =
(
1
π
)
〈T ∗ǫµα∂αξ(x)ǫνβ∂βξ(y)〉. (2.14)
2.2 Local counter terms and bosonization
The term ∂µAµ in the Jacobian factor (2.9) plays a central role to give the
kinetic term of the bosonic field ξ. If one eliminates the term ∂µAµ by a local
counter term, the path integral bosonization as presented here does not work.
The term A2µ/(2π), which is local in terms of the axial vector field Aµ,
is actually not local in the context of bosonization: The local counter term
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should be expressed as a local polynomial of the source field vµ. The would-be
counter term is written in terms of vµ as [11]
1
2π
A2µ =
1
2π
(∂µβ)
2
= − 1
2π
ǫµν∂µvν
1
∂ρ∂ρ
ǫαβ∂αvβ
= − 1
8π
ǫµνFµν
1
∂ρ∂ρ
ǫαβFαβ (2.15)
which is not local. It is thus not allowed to add this term as a counter term to
the definition of the original partition function. This term, if added, modifies
the physical contents of the original fermionic theory.
A close analogue appears in the analysis of the Liouville action in the
quantization of string theory [12]
L = 1
2
√
ggµν∂µX
a∂νX
a (2.16)
where the index µ of xµ runs over 1 and 2 and parameterizes the world sheet,
and the index a = 1 ∼ d where d stands for the dimension of the target space-
time. In the conformal gauge gµν(x) = ρ(x)ηµν = exp[σ(x)]ηµν , it is known
that the (carefully defined) path integral measure in∫
dµ exp
[
−
∫
d2x
(
1
2
√
ggµν∂µX
a∂νX
a
)]
gives rise to the Liouville action [13]
dµ→ dµ exp
[
−26− d
48π
∫
d2x
(
1
2
∂µσ∂µσ +
1
2
m2eσ
)]
(2.17)
when one extracts the Weyl freedom ρ dependence from the action. The kinetic
term of the Liouville action appears to be eliminated by a suitable local counter
term. But it is known that the kinetic term is non-local when written in a gauge
condition other than the conformal gauge
− 26− d
96π
∫
d2x
√
gR
1

R
where R stands for the Riemann scalar curvature in two-dimensional space; in
the conformal gauge one has
√
gR = ∂µ∂µσ.
We thus conclude that allowed local counter terms depend on physical sit-
uations.
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3 Lattice chiral symmetry and anomalies
A siginificant development in the treatment of lattice chiral symmetry took
place during the past 10 years. This is based on the so-called Ginsparg-Wilson
relation for the lattice Dirac operator D [14]
γ5(γ5D) + (γ5D)γ5 = 2a(γ5D)
2 (3.1)
with a the lattice spacing. The explicit construction of D free of species
doublers was given [15] and the correct index on the lattice has been es-
tablished [16]. The anomaly is then identified with the Jacobian [17] as in
continuum theory.
We deal with a hermitian Dirac operator H = aγ5D = H
† = aD†γ5 and
write the relation (3.1) as
γ5H +Hγ5 = 2H
2. (3.2)
We also assume that the operator H is local in the sense that it is analytic in
the entire Brillouin zone. One can confirm the relation γ5H
2 = H2γ5.
The defining algebra (3.2) is written in various ways such as
Γ5H +HΓ5 = 0, (⇔ γ5 6D+ 6Dγ5 = 0),
γ5H +Hγˆ5 = 0,
γˆ25 = 1, (3.3)
where
Γ5 = γ5 −H, γˆ5 = γ5 − 2H. (3.4)
We have 3 gamma matrices, γ5, Γ5, γˆ5, all of which agree for a→ 0.
We now examine the Euclidean action defined by
S =
∫
d4xψ¯Dψ ≡
∑
x,y
ψ¯(x)D(x, y)ψ(y) (3.5)
which is invariant under δψ = iǫγˆ5ψ, δψ¯ = ψ¯iǫγ5. The chiral Jacobian for
this U(1) transformation becomes
lnJ = −iǫT r(γˆ5 − γ5) = 2iǫT rΓ5 = 2iǫ(n+ − n−) (3.6)
by using the index theorem on the lattice
TrΓ5 = n+ − n−. (3.7)
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3.1 Index relation on the lattice
We start with the complete set of solutions
Hϕn = λnϕn, (ϕn, ϕl) = δn,l. (3.8)
Then the index is defined as
index = n+ − n−, (3.9)
where n± = No. of zero modes Hϕn = 0, with γ5ϕn = ±ϕn, respectively. In
comparison, the continuum Atiyah-Singer index theorem reads
lim
M→∞
Trγ5 exp[− 6D
2
M2
] = n+ − n− = ν ∼
∫
FF˜ . (3.10)
By using the GW relation
Γ5H + Γ5H = 0, (3.11)
with Γ5 = γ5 − H , all the normalizable eigenstates φn of γ5D = H/a are
categorized into the following 3 classes [19]:
(i) n± (“zero modes”), Hφn = 0, γ5φn = ±φn
(ii)“paired states” with 0 < |λn| < 1/a,
1
a
Hφn = λnφn,
1
a
H(Γ5φn) = −λn(Γ5φn). (3.12)
(iii) N± (“highest states”, Γ5φn = 0),
1
a
Hφn = ±1
a
φn, γ5φn = ±φn, respectively. (3.13)
We thus obtain the index relation
TrΓ5 ≡
∑
n
(φn,Γ5φn)
=
∑
λn=0
(φn,Γ5φn) +
∑
0<|λn|<1/a
(φn,Γ5φn) +
∑
|λn|=1/a
(φn,Γ5φn)
=
∑
λn=0
(φn,Γ5φn) =
∑
λn=0
(φn, (γ5 −H)φn)
=
∑
λn=0
(φn, γ5φn) = n+ − n− = index. (3.14)
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One can understand the physical meaning of N± states with Γ5φn = 0,
whcih are peculiar with the present formulation, by noting
Trγ5 =
∑
λn=0
(φn, γ5φn) +
∑
λn 6=0
(φn, γ5φn)
= n+ − n− +
∑
λn 6=0
aλn
= n+ − n− +N+ −N− = 0 (3.15)
namely,chirality is always balanced for a finite system [18, 19]
n+ +N+ = n− +N−. (3.16)
The reason we get a non-vanishing index for TrΓ5 = n+−n− is that N± states
are projected out in TrΓ5. The presence of N± is essential for a consistent
definition of index for a finite system.
The chiral gauge theory is defined by
∫
Dψ¯LDψL exp[
∫
ψ¯P+DPˆ−ψ] (3.17)
with P+ =
1
2
(1+ γ5), Pˆ− =
1
2
(1− γˆ5) since D = P+DPˆ−+P−DPˆ+. For chiral
gauge theory, fermion number transformation
ψ′ = eiαψ, ψ¯′ = ψ¯e−iα (3.18)
gives the Jacobian
ln J = −iαTr(Pˆ− − P+) = iαTr(Γ5) = iα(n+ − n−). (3.19)
Namely, the covariant fermion number anomaly [20] is automatically built in.
A new feature of lattice chiral gauge theory compared to continuum theory
is that we can define the generators of chiral gauge symmetry
P±T
a, [P±T
a, P±T
b] = ifabcP±T
c (3.20)
in continuum theory, but on the lattice we basically start with a vector-like
theory and the chiral theory is defined by a projection
ψ¯D(U)ψ ⇒ ψ¯P+D(U)Pˆ+(U)ψ. (3.21)
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4 Black hole radiation from anomalies
Robinson and Wilczek [21] have shown that the black hole radiation is un-
derstood as a result of chiral anomalies in two-dimensions. Note that both of
quantum anomalies and Hawking radiation are of the order ∼ O(~). We here
briefly comment on this interesting idea. (The use of the conformal anomaly
in two-dimensional gravitational theory is well-known [22].)
The four dimensional action for a real scalar field S(O)(φ, g
µν
(4)), which is
defined at a distance away from the black hole, is described by an effective
two-dimensional theory S(H)(φ, g
µν
(2), Aµ,Φ) near the horizon after expanding φ
in terms of spherical harmonics [21, 23]. Here Aµ and Φ are respectively two
dimensional effective gauge field and dilaton field arising from gµν(4). We consider
the Schwarzschild black hole and separate the region outside the horizon into
two regions, one near the black hole r+ ≤ r < r+ + ǫ (denoted by H) and the
other away from the horizon r+ + ǫ ≤ r (denoted by O) where r+ stands for
the black hole radius and ǫ is a finite but small quantity.
In the region away from the horizon, we have the Ward identity for general
coordinate transformation
∇νT µν(4) = 0 (4.1)
to be consistent with the Einstein equation and the Bianchi identity. We thus
have
∂rT
r
t(O)(r) = 0, (4.2)
where we defined T rt(O)(r) =
∫
dΩ(2)r
2T rt(4), and thus T
r
t(O) = constant. To
be precise, our energy-momentum tensor is defined by T µν(4)(t, r) = 〈0|Tˆ µν(4) |0〉
in the vacuum specified by the Schwarzschild solution. In the vicinity of the
black hole, which is denoted by H , one can define an effective two-dimensional
space-time described by t and r when one integrates over the angular freedom.
We then have the effectively two-dimensional relation
∇µT µν(H)(r)−
∂νΦ√−g
δS
δΦ
= Aν, µ, ν = (t, r) (4.3)
where we define T µν(H)(r) as the energy-momentum tensor corresponding to
the (right-handed) chiral freedom which is out-going from the horizon and Aν
stands for the two-dimensional covariant gravitational anomaly [23, 24, 25] for
a chiral theory. Here one may use the ”fermionization”, the inverse of the
bosonization. The other (left-handed) chiral fluctuation falling into the black
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hole is tentatively neglected. The µ = t component of the Ward identity (4.3)
becomes
∂rT
r
t(H)(r) = ∂rN
r
t (r)
with the covariant gravitational anomaly [26, 27]
Aν = 1
96π
√−g ǫµν∂
νR = ∂rN
r
µ,
N rt =
ff ′′ − (f ′)2/2
96π
, N rr = 0
where f(r) = 1− 2M/r. We thus have
∂r(T
r
t(H)(r)−N rt (r)) = 0. (4.4)
At the boundary r = r+ + ǫ of two regions, we impose
T rt(O)(r+ + ǫ) = T
r
t(H)(r+ + ǫ)−N rt (r+ + ǫ) (4.5)
which is consistent with continuity equation, i.e., the energy-momentum con-
servation. Also the covariance property of the both-hand sides matches. We
interprete the second anomaly term on the right-hand side of (4.5) as the ef-
fective energy-momentum flux generated by the matter component which is
in-going into the black hole; the second term (the effect of the in-going mode)
vanishes for the formal limit r++ǫ→∞, which is the condition of the so-called
Unruh vacuum. We now examine the small ǫ limit of this relation and impose
the regularity condition T rt(H)(r+) = 0 for the component escaping from the
horizon. We thus obtain the ordinary result of black hole radiation [21, 23]
T rt(O)(r) = T
r
t(O)(r+) =
π
12β2
(4.6)
since T rt(O)(r) = constant. Here we defined the surface gravity
κ =
2π
β
=
1
2
f ′(r+). (4.7)
We admitted a certain asymmetry between the in-going and out-going com-
ponents of the energy-momentum fluctuation in the balck hole vacuum by
imposing different boundary conditions. Our treatment slightly differs from
the original treatments [21, 23] in that we defined all the anomalies in the
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covariant form which is naturally done in the path integral formualtion on the
basis of the transformation of path integral variables and the evaluation of the
resulting Jacobians [4]. The ultra-local property of the anomaly, namely, the
fact that the anomaly is defined in any small but finite space-time region [4],
is also important in considering the small ǫ limit.
It is known that this consideration works also for Kerr and Reissner-
Nordstroem black holes [23, 24, 25].
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